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Abstract 

Let [7] be the conformal boundary of a warped product C 3,a AHE 
metric g = gu+u 2 h on N = M xF, where (F, h) is compact with unit 
volume and nonpositive curvature. We show that if [7] has positive 
Yamabe constant, then u has a positive lower bound that depends 
only on [7] . 

1 Introduction 

Let N = N U dM be a smooth manifold with nonempty boundary ON. Let p 
be a smooth denning function for N, i.e. p is a nonnegative smooth function 
on N such that p _1 (0) = dN and dp 7^ on dN. A smooth metric g on N is 
said to be conformally compact if for some smooth defining function p, the 
tensor g = p 2 g has a continuous extension to N, and the restriction of p 2 g 
to dN is a positive definite 2-tensor. We define 



nfo) = [ P 2 g 



dN\ 



where [7] is the conformal class of 7. The metric g is said to be C m ' a con- 
formally compact if g 6 C m,a (N). In particular, if g is C m,a conformally 
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compact, then the induced metric on the boundary g = g\g N is a metric of 
class C m ' a . 

We say g is asymptotically hyperbolic (AH) if the sectional curvatures of 
g approach -1 on approach to the boundary. If g is C m,a conformally compact 
and \dp\g = 1, then g is AH; see [3]. In general, we say g is AH of order C m ' a , 
if g is conformally compact of order C m,a and \dp\g = 1. 

Many of the results and topics in the area of conformally compact metrics, 
in one way or another, describe the relationship between the interior metric 
g with the conformal class of the induced boundary metric. A typical result 
makes geometric conclusions based on geometric conditions on the conformal 
class of the induced boundary (for example, its Yamabe invariant). 

In this paper, we only consider the class of warped product conformally 
compact Einstein metrics. Let N = M x F be a smooth (n + l)-dimensional 
manifold with boundary dN = dM x F. Here and throughout, F is a smooth 
compact p-dimensional manifold without boundary. We assume that g is a 
warped-product metric: 

9 = 9m + u 2 h , (1) 

where gu is a smooth complete metric on M, the warping function u is 
smooth and positive on M, and h is a smooth metric on F. To avoid confusion 
in the choice of the warping function, we will always assume (F, h) has unit 
volume. Moreover, we assume that g is Einstein, i.e. (after rescaling the 
metric) we have 

RiCg = -ng . (2) 

Let E^ a (N) denote the set of warped product AHE metrics of class C m,a 
on N such that the metric on the fiber F has nonpositive scalar curvature. 
Also let U\y denote the restriction of the boundary map to E^ a , and define 

rim, a T-r / 7-im,a\ 

We will prove the following theorem in section 3. 

Theorem 1. Suppose [7] G Jm(n^) has positive Yamabe constant. If 
g G n^(7) ; then the warping function of g has a positive lower bound that 
depends only on [7]. 

The main motivation for obtaining results of this sort is to study the 
properness of the map Uw- Given a sequence in C^' a , one would like to show 
that there is a subsequence 7, such that H^ (7*) is convergent in a suitable 
topology to a metric in E^' a . Such results have been obtained in the case of 
static circle actions on 4-manifolds PQ. 
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2 Warped Product AHE metrics 



In this section, we assume g is an AH Einstein metric on N, and derive 
the induced equations on and u. Recall that a metric g on N is called 
Einstein, if its Ricci curvature tensor is a constant multiple of the metric, i.e. 



for some A G 1. In our case, N is AH, and so A < 0. In fact, by scaling 
the metric g if necessary, we shall assume g satisfies the equation In this 
note, geometric notations such as g, V, or A refer to the metric g. If we are 
dealing with corresponding notations with respect to Qm or h, we will clarify 
our intentions by accompanying M or h as a subscript or a superscript. For 
example Am is the Laplacian on (M, <7m), defined by 



where Xi's form an orthonormal basis. 

Lemma 2. Let (M q ,gM) and (F p ,h) be Riemannian manifolds such that 
(N,g) = (M x K, gM+u 2 h) , for some positive function u G C°°(M). Suppose 
(N, g) satisfies the Einstein equations ■ Then (F, h) has constant Ricci 
curvature, and u satisfies: 



where sp is the scalar curvature of (F, h). 

Proof. Let T(X,y)N = T X M © T y F be the natural splitting of the tangent 
space of iV to horizontal and vertical vectors. We fix an orthonormal basis 
{Ei, . . . , E q } for T X M and an orthonormal basis {E q+ i, . . . , E q+P } for T y F 
(in the h- metric). Then, one calculates: 



Ricg = Ag , 



A M u = J29M(^W M u,X i ) , 



i=i 





WgEj , i,j<q, 

V h Ea E p -g{E a) E p )— ,q + l<a,P, 



(3) 




(4) 



nii ■ u 

V E ,E a = E a , % < q < a . 



(5) 



u 
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It follows that 

E ■ u 

V Ei V Ea E a = V El {V h Ea E a - uVu) = -^-V h Ea E a - V Et {uVu) , (6) 

XL 

V Ea V Ei E a = V Ea (^^) = {V h Ea E a - uVu) . (7) 

Hence, 

q q 
J2R(E l ,E a ,E a ,E i ) = ^(-uV^Vu,^) = -uA M u . 
i=i i=i 

Similarly, we compute: 

<?+p q+p 

£ R(Ep,E a ,E a ,Ep) =u 2 £ R h (Ep,E a ,E a ,Ep)-(p-l)\Vu\ 2 . 

f3=q+l 0=9+1 

Since Ric g (E a , E a ) = — (p + g — l)w 2 , we get (by adding the above two 
equations): 

— rm 2 = —uAMU + u 2 Rich(E a ,E a ) — (p — 1)|Vm| 2 , 

and the lemma follows. □ 
Next, we derive the equation for Alnw. First, we have 

Au \Vu\ 2 if. 1 _ „ ,\ |V// 

Alnw = 



if 9+P 1 _ A 

- [A M u+ J2 —g(V Ea Vu,E a )\ 

\ a=q+l / 



l+P iw 12 in i 



On the other hand, 

g(V Ea Vu,E a ) = A M u+ V g{^^E a ,E a ) 

< » -7/ 

And so, we get: 



a=q+l 



A mii = h (p - 1) — — = — 



+ n. (8) 

u u z p 
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3 Proof of Theorem H 



If g is C m,a conformally compact, then so is qm- Moreover, if p is a smooth 
defining function for g, then pu extends to a C m,a positive function on dN 
which is in fact the warping function of the induced boundary metric. 

Lemma 3. If g is AHE of order C 3 ' a , < a < 1, then for any smooth 
defining function p on N, there exists a smooth, strictly positive function w 
on N such that 

(1) Aw — (p + q)w , 

(2) w — p _1 is bounded, 

(3) A{\dw\ 2 -w 2 ) > , 

(4) \dw\ 2 — w 2 has a continuous extension to dN, and is equal to 

s 

n(n — 1) 

on the boundary, where s is the scalar curvature of the induced boundary 
metric g = p 2 g\ dN . 

Proof. These results are Propositions 4.1, 4.2, and 5.3 of [2]. □ 
Now, we are ready to present the proof of Theorem [TJ 

Proof of Theorem [IJ Let p\ be a defining function for (N, g) such that 
p\g G C 3 ' a (N), and 7 = p\g\dN be the induced boundary metric. Since 
3^7] > 0, there exists a positive function / such that rj = f 2/ y is the Yamabe 
representative of the conformal class [7], and 

s v = y[j] > , 

where s v is the scalar curvature of rj. Then p = fpi is a defining function for 
(N, g). By Lemma[3j there exists a function wonJV such that Aw = (n+l)w. 
It follows that 

/ \dw\ 2 
A\nw = (n + 1) - - — . (9) 

w 2 
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Equations [H] and imply that 

Aln^ = ^-1 + ^<'^ |2 : W2 , (10) 
w p w w 2 

since F has nonpositive Ricci curvature. By part (4) of the Lemma El we 
have: 

2 „..2\ S V 



max(\dw\ — w 



n(n - 1) 

On the other hand, by part (3) of Lemma [3], we know that \dw\ 2 — w 2 is 
subharmonic, and so it attains its maximum on the boundary. It follows 
that 



\dwf-w*<--^- (11) 
n[n — 1) 



throughout N. In particular, we have: 



w 2 > -jA^ • ( 12 ) 
n[n — 1 



throughout N. Equations ( fTUl) and ( ffTj) imply that 



A In — < 

w 



i.e. \n.(u/w) is superharmonic, and so its minimum occurs on approach to 
the boundary. By part (2) of Lemma El we have pw = 1 on dN. Hence 

minln ( — ) = minln ( | = minlnfow) = C(ri) . 

dN \wJ dN \f)W J ON 

Note that C(j]) depends only on rj, since the extension of pu to the boundary 
is the warping function of r\. 

In ( — J > minln(pu) , (13) 
throughout N. Inequalities (fl2j) and ffTBl imply that 

u > wc( v ) > ( -^L) 1 C( V ) . 

\n{n — I) J 

This completes the proof of the theorem. □ 
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